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PROPERTIES OF TRIANGULATED AND QUOTIENT CATEGORIES
ARISING FROM n-CALABI-YAU TRIPLES
FRANCESCA FEDELE
Abstract. Let k be a field, n ≥ 3 an integer and T a k-linear triangulated category with
a triangulated subcategory T fd and a subcategory M = add(M) such that (T ,T fd,M) is
an n-Calabi-Yau triple. For every integer m and every object X in T , there is a unique, up
to isomorphism, truncation triangle of the form
X≤m →X →X≥m+1 → ΣX≤m,
with respect to the t-structure ((Σ<−mM)⊥T , (Σ>−mM)⊥T ). In this paper, we prove some
properties of the triangulated categories T and T /T fd. Our first result gives a relation
between the Hom-spaces in these categories, using limits and colimits. Our second result is
a Gap Theorem in T , showing when the truncation triangles split.
Moreover, we apply our two theorems to present an alternative proof to a result by Guo,
originally stated in a more specific setup of dg k-algebras A and subcategories of the derived
category of dg A-modules. This proves that T /T fd is Hom-finite and (n − 1)-Calabi-Yau,
its object M is (n − 1)-cluster tilting and the endomorphism algebras of M over T and
over T /T fd are isomorphic. Note that these properties make T /T fd a generalisation of the
cluster category.
1. Introduction
Let k be a field, n ≥ 3 be an integer and (T ,T fd,M) be an n-Calabi-Yau triple in the sense
of Definition 2.6, with M = add (M) for some object M in T . Note that the Ginzburg
dg algebra, see [6, Section 4.2], permits to define a generalisation of cluster categories and
n-Calabi-Yau triples are a further generalisation of this. In fact, the idea behind such a
triple is that, starting from a triangulated category T with some extra assumptions and a
triangulated subcategory T fd, we obtain a triangulated quotient category T /T fd which is a
generalised cluster category, see [7, Section 2] and [8, Section 5.3]. Note that an n-Calabi-
Yau triple is not just a vehicle to construct a generalised cluster category, but it is also a
vehicle using T as a “model” to compute in T /T fd. In this paper, we prove some new results
about T and their relation to T /T fd and we use them to give a new alternative proof that
T /T fd is a generalised cluster category.
For every integer m, the pair
(T ≤m,T ≥m) ∶= ((Σ<−mM)⊥T , (Σ>−mM)⊥T )
is a t-structure. Hence, for every object X in T , there is a unique (up to isomorphism)
truncation triangle
X≤m
fmÐ→X g
m+1
ÐÐ→ X≥m+1 → ΣX≤m,
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with X≤m ∈ T ≤m and X≥m+1 ∈ T ≥m+1.
An example of the above setup, which has been studied by Amiot in [1] and Guo in [7] among
others, is given when T and T fd are certain subcategories of the derived category of dg A-
modules, where A is a dg k-algebra and M = A, see Remark 2.7. In particular, considering
a quiver with potential and its Ginzburg dg algebra Γ, if H0(Γ) is finite-dimensional, then
we get a 3-Calabi-Yau triple, see Example 2.8.
Our first theorem compares Hom-spaces in T and Hom-spaces in T /T fd and gives a relation
between the two using limits and colimits. Note that, despite the different setups, our result
recalls some results by Artin and Zhang. The fact that the direct system in (a) stabilizes
resembles [2, Proposition 3.13] and the formula in (a) resembles (2.2.1) from [2, proof of
Proposition 2.2].
Theorem A (=Theorem 3.11). Let X and Y be objects in T .
(a) For p≫ 0, the direct system
T (X,Y ) // T (X≤0, Y ) // T (X≤−1, Y ) // T (X≤−2, Y ) // ⋯
stabilizes. Moreover, we have that lim
Ð→
q
T (X≤−q, Y ) ≅ T /T fd(X,Y ).
(b) For X and Y in T , we have that
lim
←Ð
q
(lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q)) ≅ T /T fd(X,Y ).
Our second theorem is inspired by the Gap Theorem by Frankild and Jørgensen, see [5,
Theorem 2.5]. The vanishing condition on the Hom-spaces can be viewed as a gap in the
cohomology of the object X and it implies the splitting of truncation triangles.
Theorem B(= Theorem 4.1). Let a be an integer and X ∈ T be such that T (M,ΣjX) = 0
for a ≤ j ≤ a + n − 2. Then, the truncation triangle
X≤a−1 // X // X≥a
δ // ΣX≤a−1
splits and X ≅X≤a−1 ⊕X≥a.
We apply our two theorems to give an alternative proof to the following result. This was
first proven, in the more specific setup of dg k-algebras and their derived categories outlined
above, by Amiot in [1, Theorem 2.1] for the case n = 3 and by Guo in [7, Theorem 2.2] for
the case n ≥ 3. It was first proved in the present form by different means in [8, Section 5].
Corollary C.
(a) The category T /T fd is Hom-finite and (n − 1)-Calabi-Yau.
(b) The object M is (n − 1)-cluster tilting in T /T fd.
(c) We have that T /T fd(M,M) ≅ T (M,M).
In Corollary C, parts (a) and (c), corresponding to Corollaries 5.2 and 5.4 respectively, are
consequences of Theorem A, while part (b), corresponding to Corollary 5.3, is a consequence
of Theorem B.
The paper is organised as follows. Section 2 introduces some definitions and our setup.
Section 3 presents some results on the Hom-spaces of T and T /T fd and proves Theorem A.
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Section 4 proves Theorem B and Section 5 applies the previous sections to prove Corollary
C.
2. Definitions and Setup
Definition 2.1. Let A be an additive category and B ⊆ A be a full subcategory. We define
the full subcategories
⊥AB ∶= {A ∈ A ∣ HomA(A,B) = 0},
B⊥A ∶= {A ∈ A ∣ HomA(B,A) = 0}.
Definition 2.2. Let T be a triangulated category and S ⊆ T be a full subcategory. We define
thick(S) to be the smallest triangulated subcategory of T closed under direct summands and
containing S .
Definition 2.3 ([8, Section 2.3]). Let T be a triangulated category. A full subcategory
P of T is called presilting if HomT (P,ΣiP) = 0 for any i > 0. It is called silting if in
addition T = thick(P). An object P ∈ T is called presilting, respectively silting, if add(P ) is
a presilting, respectively silting, subcategory of T .
Definition 2.4. A torsion pair of a triangulated category T is a pair (X ,Y) of full subcat-
egories of T such that X = ⊥T Y, Y = X ⊥T and T = X ∗ Y, where
X ∗ Y ∶= {M ∈ T ∣ there is a triangle X →M → Y → ΣX in T with X ∈ X , Y ∈ Y},
see [9, Definition 2.2].
A t-structure on T is a pair (T ≤0,T ≥0) of full subcategories of T such that T ≥1 ⊂ T ≥0
and (T ≤0,T ≥1) is a torsion pair. Here, for an integer m, we denote T ≤m = Σ−mT ≤0 and
T ≥m = Σ−mT ≥0, see [3, Definition 1.3.1].
Similarly, a co-t-structure on T is a pair (T≥0,T≤0) of full subcategories of T such that
T≥1 ⊂ T≥0 and (T≥1,T≤0) is a torsion pair. Here, for an integer m, we denote T≥m = Σ−mT≥0
and T≤m = Σ−mT≤0, see [13, Definition 2.4] and [4, Definition 1.1.1].
Definition 2.5. If (T ≤0,T ≥0) is a t-structure on T , then by [3, Proposition 1.3.3(ii)] for each
X ∈ T , there is a triangle of the form
X≤0
f0
Ð→X
g1
Ð→X≥1 → ΣX≤0,
with X≤0 ∈ T ≤0 and X≥1 ∈ T ≥1 which is unique up to unique isomorphism and it is called the
truncation triangle associated to X . Moreover, for an integer m, the pair (T ≤m,T ≥m) is also
a t-structure with truncation triangle associated with X denoted by
X≤m
fm
Ð→X
gm+1
ÐÐ→ X≥m+1 → ΣX≤m.
We fix the notation used above for truncation triangles in the rest of the paper.
Definition 2.6 ([8, Definition 5.1]). Let k be a field and n ≥ 3 an integer. Let T be a k-
linear triangulated category, M be an additive subcategory of T and T fd be a triangulated
subcategory of T . We say that (T ,T fd,M) is an n-Calabi-Yau triple if the following are
satisfied.
(CY1) The category T is Hom-finite and Krull-Schmidt.
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(CY2) The pair (T ,T fd) is relative n-Calabi-Yau in the sense that there exists a bifunctorial
isomorphism for any X ∈ T fd and Y ∈ T :
DHomT (X,Y ) ≅ HomT (Y,ΣnX).
(CY3) The subcategory M is a silting subcategory of T and admits a right adjacent t-
structure (T ≤0,T ≥0) ∶= ((Σ<0M)⊥T , (Σ>0M)⊥T ) with T ≥0 ⊂ T fd.
Remark 2.7. Suppose we have a differential graded (dg) k-algebra A with certain properties,
see [7, (1)-(3) and (4’) in Section 1]. Let T = per(A) be the perfect derived category of A and
T fd = Db(A) be the full subcategory of the derived category of dg A-modules whose objects
are the objects with finite-dimensional total homology. Then (per(A),Db(A),add(A)) is an
n-Calabi-Yau triple.
In order to illustrate that n-Calabi-Yau triples are not uncommon, we consider the following
example, showing a class of examples of 3-Calabi-Yau triples.
Example 2.8. Let (Q,W ) be a quiver with potential and let Γ = Γ(Q,W ) be its Ginzburg
dg algebra, see [6, Section 4.2] for details on this construction. Consider the algebra
J(Q,W ) ∶=KQ/⟨δaW ∣ a is an arrow in Q⟩,
where δa ∶ KQ/[KQ,KQ] → KQ is the cyclic derivative with respect to the arrow a and
note that H0(Γ) = J(Q,W ) by [1, Definition 3.3]. If H0(Γ) is finite-dimensional, then, using
the same notation as in Remark 2.7, we have that (per(Γ),Db(Γ),add(Γ)) is a 3-Calabi-Yau
triple, see [8, Remark 5.16].
3. The relation between morphisms in T and in T /T fd
The goal of this section is to prove Theorem 3.11. Working in Setup 3.1, this shows the
relation between Hom-spaces in the triangulated category T and Hom-spaces in the triangu-
lated quotient category T /T fd, see [12, Sections 7-9] for details on the construction of this
quotient category. In order to build this relation, we use inverse and direct systems, see [14,
Chapter 5.2] for details on these systems.
Setup 3.1. Let k be a field, n ≥ 3 an integer and (T ,T fd,M) be an n-Calabi-Yau triple with
M = add(M) for some object M ∈ T . Note that, since M is silting, we have T = thick (M).
Remark 3.2. By [8, Section 5.1], we have that
(T≥0,T≤0) ∶=
⎛
⎝⋃i≥0
Σ−iM ∗Σ−i+1M ∗⋯ ∗Σ−1M ∗M,⋃
i≥0
M ∗ΣM ∗⋯ ∗Σi−1M ∗ΣiM⎞⎠
is a bounded co-t-structure, that is
⋃
i∈Z
ΣiT≥0 =⋃
i∈Z
ΣiT≤0 = T ,
see [10, Definition 2.1]. Hence, given an object X in T , there are integers l and m such that
X ∈ ΣlT≥0 and X ∈ ΣmT≤0. Moreover, by [8, p. 7886, line 2], we have that T ≤0 = T≤0 and
similarly T ≤i = T≤i for any integer i.
Lemma 3.3. For any X ∈ T , there is a canonical inverse system of the form
⋯ ξ
−4
// X≤−3
ξ−3
// X≤−2
ξ−2
// X≤−1
ξ−1
// X≤0
f0
// X.
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Proof. Note that we have a chain of inclusions of full subcategories
⋯ ⊂ T ≤−3 ⊂ T ≤−2 ⊂ T ≤−1 ⊂ T ≤0.
Given X ∈ T and p ≥ 1, consider the truncation triangles associated to X with respect to
the t-structures (T ≤−p,T ≥−p) and (T ≤−p+1,T ≥−p+1). Then there is a morphism of triangles of
the form
X≤−p
f−p
//
ξ−p

X // X≥−p+1 //
✤
✤
✤ ΣX
≤−p

X≤−p+1
f−p+1
// X // X≥−p+2 // ΣX≤−p+1,
where ξ−p such that f−p+1 ○ ξ−p = f−p exists since X≤−p ∈ T ≤−p ⊂ T ≤−p+1, X≥−p+2 ∈ T ≥−p+2 and
(T ≤−p+1,T ≥−p+2) is a torsion pair and the dashed morphism then exists by the axioms of
triangulated categories. Then
⋯ ξ
−4
// X≤−3
ξ−3
// X≤−2
ξ−2
// X≤−1
ξ−1
// X≤0
f0
// X
is an inverse system. 
Lemma 3.4. Let X ∈ T . For any integer m, in the quotient category T /T fd we have that
fm and ξm become isomorphisms and X ≅T /T fd X
≤m.
Proof. By (CY3), we have that T ≥0 ⊂ T fd. Since T fd is triangulated and hence closed under
integer powers of Σ, we have that T ≥m+1 ⊂ T fd for any integer m. Then the truncation
triangle
X≤m
fm
Ð→ X
gm+1
ÐÐ→X≥m+1 → ΣX≤m
viewed as a triangle in T /T fd is such that X≥m+1 ≅T /T fd 0 and fm is an isomorphism. Hence
X ≅T /T fd X
≤m. Since fm+1 ○ ξm = fm, while fm+1 and fm become isomorphisms in T /T fd,
so does ξm. 
Remark 3.5. Given X and Y in T , applying the functor T (−, Y ) to the inverse system
from Lemma 3.3, we obtain a direct system of the form
T (X,Y ) // T (X≤0, Y ) // T (X≤−1, Y ) // T (X≤−2, Y ) // ⋯.
Moreover, passing to the quotient category T /T fd using the quotient functor Q ∶ T → T /T fd,
we obtain another direct system and a commutative diagram of the form
T (X,Y ) //
Q(−)

T (X≤0, Y ) //
Q(−)

T (X≤−1, Y ) //
Q(−)

T (X≤−2, Y ) //
Q(−)

⋯
T /T fd(X,Y ) ∼ // T /T fd(X≤0, Y ) ∼ // T /T fd(X≤−1, Y ) ∼ // T /T fd(X≤−2, Y ) ∼ // ⋯,
where all the arrows in the bottom row are isomorphisms by Lemma 3.4. Then, by the
universal property of direct systems, there exists a unique morphism of the form
Ψ ∶ lim
Ð→
q
T (X≤−q, Y )→ lim
Ð→
q
T /T fd(X≤−q, Y )
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such that the diagram
T (X≤−p, Y )

Q(−)
// T /T fd(X≤−p, Y )
∼

lim
Ð→
q
T (X≤−q, Y ) Ψ //❴❴❴ lim
Ð→
q
T /T fd(X≤−q, Y )
commutes for every p ≥ 0.
Lemma 3.6. The morphism
Ψ ∶ lim
Ð→
q
T (X≤−q, Y )→ lim
Ð→
q
T /T fd(X≤−q, Y )
from Remark 3.5 is an isomorphism.
Proof. We first prove that Ψ is surjective. Let γ be an element in lim
Ð→
T /T fd(X≤−q, Y ). Note
that by [14, Lemma 5.30(i)], we have that γ comes from an element in one of the Hom-spaces
of the direct system and since these are all isomorphic, we may assume γ comes from an
element of the form
α =
⎡⎢⎢⎢⎢⎢⎣
Z
X
h >>⑥⑥⑥⑥
Y
s``❅❅❅❅
⎤⎥⎥⎥⎥⎥⎦
∈ T /T fd(X,Y ),
where the triangle extending s, say
W // Y
∼
s // Z
g
// ΣW,
has W and ΣW in T fd since s is in the multiplicative system being inverted. By [8, Lemma
4.11] there exists an integer p such that
ΣW ∈ (Σ>pM)⊥T = T ≥−p = (T ≤−p−1)⊥T .
Hence X≤−p−1 ∈ T ≤−p−1 is such that T (X≤−p−1,ΣW ) = 0. Then g ○ h ○ f−p−1 = 0, and we have
a commutative diagram
X≤−p−1
h○f−p−1

0
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
∃ l
vv♠ ♠
♠ ♠
♠ ♠
♠ ♠
W // Y
s
// Z
g
// ΣW.
Since s ○ l = h ○ f−p−1, we have that
Q(l) =
⎡⎢⎢⎢⎢⎢⎣
Y
X≤−p−1
l
::ttttt
Y
❅❅❅❅
⎤⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎣
Z
X≤−p−1
h○f−p−1 ::✉✉✉✉✉
Y
s__❅❅❅❅
⎤⎥⎥⎥⎥⎥⎦
.
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Consider the commutative diagram
T /T fd(X,Y )
∼ µ

T (X≤−p, Y )
ν−p

Q(−)
// T /T fd(X≤−p, Y )
∼ ν−p

lim
Ð→
q
T (X≤−q, Y ) Ψ // lim
Ð→
q
T /T fd(X≤−q, Y ).
(1)
Then, we have
γ = ν −p ○ µ(α) = ν−p ○Q(l) = Ψ ○ ν−p(l),
so Ψ is surjective.
It remains to show that Ψ is also injective. Consider an element l in lim
Ð→
T (X≤−q, Y ) such
that Ψ(l) = 0. Note that l comes from an element in one of the Hom-spaces of the direct
system, say from the element h ∈ T (X≤−p, Y ). Then, considering the commutative diagram
(1), we have
ν−p ○Q(h) = Ψ ○ ν−p(h) = Ψ(l) = 0.
Since ν−p is an isomorphism, we have thatQ(h) = 0. Hence there exists a morphism t ∶ Y →K
in the multiplicative system being inverted when we pass to T /T fd such that t ○ h = 0.
Consider the triangle extending t, say
W
w // Y
t // K // ΣW,
where W ∈ T fd. Since t ○ h = 0, there exists a morphism g ∶ X≤−p →W such that h = w ○ g,
that is such that the following commutes:
X≤−p
h

0
((PP
PPP
PPP
PPP
PPP
g
vv♥ ♥
♥ ♥
♥ ♥
♥
W
w // Y
t // K // ΣW.
Moreover, as W ∈ T fd, by [8, Lemma 4.11] there is an integer i such that
W ∈ (Σ>iM)⊥T = T ≥−i = (T ≤−i−1)⊥T .
Since X≤−i−1 ∈ T ≤−i−1, we have that T (X≤−i−1,W ) = 0. We now consider two cases. First,
if p − 1 ≥ i, we have that W ∈ T ≥−p+1 = (T ≤−p)⊥T , so that T (X≤−p,W ) = 0 and h = w ○ g = 0
implying that l = ν−p(h) = 0. In the other case, that is p − 1 < i, the inverse system gives us
a morphism ξ ∶ X≤−i−1 → X≤−p. Then, as T (X≤−i−1,W ) = 0, we have that g ○ ξ = 0 and so
h ○ ξ = w ○ g ○ ξ = 0. Consider the commutative diagram
T (X≤−p, Y ) ξ
∗
//
ν−p
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
T (X≤−i−1, Y )
ν−i−1

lim
Ð→
q
T (X≤−q, Y ).
We have that 0 = ν−i−1(0) = ν−i−1(h ○ ξ) = ν−i−1 ○ ξ∗(h) = ν−p(h) = l. Hence Ψ is injective. 
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Notation 3.7. Given X ∈ T , consider the inverse system from Lemma 3.3. Then, for any
integer p ≥ 1, the triangle in T extending ξ−p is
X≤−p
ξ−p
// X≤−p+1 // C−pX
// ΣX≤−p.
Lemma 3.8. Given X ∈ T and an integer p ≥ 1, we have that the object C−pX is in T
−p+1 ∶=
T ≤−p+1 ∩ T ≥−p+1. In particular, C−pX ∈ T fd by [8, Lemma 4.11].
Proof. Consider the truncation triangles associated to X with respect to the t-structures
(T ≤−p,T ≥−p) and (T ≤−p+1,T ≥−p+1) from Definition 2.5. By the octahedral axiom, we have a
commutative diagram of triangles in T of the form
X≤−p
f−p
//
ξ−p

X // X≥−p+1 //

ΣX≤−p

X≤−p+1
f−p+1
//

X //

X≥−p+2 //

ΣX≤−p+1

C−pX
//

0 //

ΣC−pX

ΣC−pX

ΣX≤−p // ΣX // ΣX≥−p+1 // Σ2X≤−p.
(2)
Note that
X≤−p ∈ T ≤−p, X≤−p+1 ∈ T ≤−p+1 and ΣX≤−p ∈ ΣT ≤−p = T ≤−p−1.
Since T ≤−p−1 ⊆ T ≤−p ⊆ T ≤−p+1, and T ≤−p+1 is closed under extensions, we have that C−pX ∈
T ≤−p+1. Moreover, note that
X≥−p+1 ∈ T ≥−p+1, X≥−p+2 ∈ T ≥−p+2 and ΣX≥−p+1 ∈ ΣT ≥−p+1 = T ≥−p.
Since T ≥−p+2 ⊆ T ≥−p+1 ⊆ T ≥−p, and T ≥−p is closed under extensions, we have that ΣC−pX ∈
T ≥−p = ΣT ≥−p+1 and so C−pX ∈ T
≥−p+1. 
Lemma 3.9. Let X and Y be objects in T , then T (Y,C−pX ) = 0 for p≫ 0.
Proof. By Remark 3.2, (T≥0,T≤0) is a bounded co-t-structure. Hence there is an integer i
such that Y ∈ Σ−iT≥0 = T≥i. Pick an integer p ≥ −i + 2. Then −p + 1 ≤ i − 1 and, using Lemma
3.8, we have that
C
−p
X ∈ T
≤−p+1 ⊆ T ≤i−1.
Moreover, by Remark 3.2, we have that T ≤i−1 = T≤i−1, and so C
−p
X ∈ T≤i−1. Hence, as (T≥i,T≤i−1)
is a torsion pair, we have that T (Y,C−pX ) = 0. 
Lemma 3.10. Let X and Y be objects in T and let q ≫ 0 be an integer. We have that
T (X,Y ≤−q) = 0.
Proof. By Remark 3.2, there is an integer i such that X ∈ Σ−iT≥0 = T≥i. Pick an integer
q > −i. Then −q ≤ i − 1 and we have that
Y ≤−q ∈ T ≤−q ⊆ T ≤i−1 = T≤i−1,
where the last equality holds by Remark 3.2. Hence, as (T≥i,T≤i−1) is a torsion pair, we have
that T (X,Y ≤−q) = 0. 
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Theorem 3.11. Let X and Y be objects in T .
(a) For p≫ 0, the direct system
T (X,Y ) // T (X≤0, Y ) // T (X≤−1, Y ) // T (X≤−2, Y ) // ⋯
stabilizes. Moreover, we have that lim
Ð→
q
T (X≤−q, Y ) ≅ T /T fd(X,Y ).
(b) For X and Y in T , we have that
lim
←Ð
q
(lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q)) ≅ T /T fd(X,Y ).
Remark 3.12. Note that the above result resembles some previous results. Despite the
different setup, it is worth pointing out the similarity between the formula in part (a) and
(2.2.1) from [2, proof of Proposition 2.2]. Moreover, the fact that the direct system in (a)
stabilizes resembles [2, Proposition 3.13].
Proof of Theorem 3.11. (a) Consider the triangle
X≤−p
ξ−p
// X≤−p+1 // C
−p
X
// ΣX≤−p
and the exact sequence obtained by applying the functor T (−, Y ) to it:
T (C−pX , Y ) // T (X≤−p+1, Y ) // T (X≤−p, Y ) // T (Σ−1C−pX , Y ).
Since C−pX ∈ T
fd, we have T (C−pX , Y ) ≅DT (Y,ΣnC−pX ) and T (Σ−1C−pX , Y ) ≅ DT (Y,Σn−1C−pX ).
For p≫ 0, by Lemma 3.9, we have that T (X≤−p+1, Y ) ≅ T (X≤−p, Y ). Hence the direct system
stabilizes as claimed and for p≫ 0 we have that
lim
Ð→
q
T (X≤−q, Y ) ≅ T (X≤−p, Y ).
Then, since Ψ is an isomorphism by Lemma 3.6, for p≫ 0 we obtain the isomorphism
lim
Ð→
q
T (X≤−q, Y ) Ψ
∼
// lim
Ð→
q
T /T fd(X≤−q, Y )
∼
(µ)−1○(ν−p)−1
// T /T fd(X,Y ) .
(b) Let X and Y be objects in T and p, q be an integers. Applying the functor T (−, Y ≤−q)
to the truncation triangle
X≤−p // X // X≥−p+1 // ΣX≤−p, (3)
we obtain the exact sequence
T (X,Y ≤−q) // T (X≤−p, Y ≤−q) // T (Σ−1X≥−p+1, Y ≤−q) // T (Σ−1X,Y ≤−q). (4)
Taking the direct limit of (4) with respect to p, we obtain the exact sequence
T (X,Y ≤−q) // T /T fd(X,Y ) // lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q) // T (Σ−1X,Y ≤−q). (5)
In the above, the first and last terms are unchanged since they do not depend on p. Moreover,
for the second term, we observed that
lim
Ð→
p
T (X≤−p, Y ≤−q) ≅ T /T fd(X,Y ≤−q) ≅ T /T fd(X,Y ),
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where we used part (a) for the first isomorphism and Lemma 3.4 for the second one. For
q ≫ 0, by Lemma 3.10, we have that
T (X,Y ≤−q) = 0 and T (Σ−1X,Y ≤−q) = 0.
Hence, for q ≫ 0, we have that (5) is the exact sequence
0 // T /T fd(X,Y ) ∼ // lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q) // 0.
By [14, Exercise 5.22(ii)], chopping off the tail of an inverse system, we obtain the same
inverse limit. Hence, we have that
lim
←Ð
q
(lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q)) ≅ T /T fd(X,Y ).

When Y is a shift of M , we can say more about when the direct system in Theorem 3.11(a)
stabilizes and we obtain the following result.
Corollary 3.13. Let X ∈ T . Then, for any integer j, we have that
T /T fd(X,ΣjM) ≅ T (X≤−j+n−2,ΣjM).
Proof. By Theorem 3.11(a), for p≫ 0, we have that T /T fd(X,ΣjM) ≅ T (X≤−p,ΣjM). We
show that p = j − n + 2 is big enough. For any integer l, consider the triangle
X≤−l // X≤−l+1 // C−lX
// ΣX≤−l,
where C−lX ∈ T
−l+1. Applying T (−,ΣjM) to this triangle, we obtain the exact sequence
T (C−lX ,ΣjM) // T (X≤−l+1,ΣjM)
α // T (X≤−l,ΣjM) // T (Σ−1C−lX ,ΣjM).
Since C−lX ∈ T
fd, we have that
T (C−lX ,ΣjM) ≅DT (Σj−nM,C−lX ) and T (Σ−1C−lX ,ΣjM) ≅ DT (Σj−n+1M,C−lX ).
Moreover, since C−lX ∈ T
−l+1, we have that T (ΣmM,C−lX ) = 0 form < l−1. Hence, if l > j−n+2,
the morphism α is an isomorphism. 
Moreover, if we also fix X =M , then Corollary 3.13 has the following important special case.
Corollary 3.14. We have that T /T fd(M,ΣjM) = 0 for j = 1, . . . , n − 2.
In order to prove the above result, we first prove the following.
Lemma 3.15. Let i ≥ 0 be an integer. Then M ≅T M≤i.
Proof. Consider the truncation triangle associated to M with respect to the t-structure
(T ≤i,T ≥i), that is
M≤i // M // M≥i+1 // ΣM≤i,
and recall that it is unique up to unique isomorphism by Definition 2.5. Since M is a silting
object and i ≥ 0, we have that
M ∈ (Σ<0M)⊥T = T ≤0 ⊆ T ≤i.
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Hence, the triangle
M
1M // M // 0 // ΣM
is also such that M ∈ T ≤i and 0 ∈ T ≥i+1. By uniqueness of truncation triangles, we then have
that M ≅M≤i. 
Proof of Corollary 3.14. We have that
T /T fd(M,ΣjM) ≅ T (M≤−j+n−2,ΣjM) ≅ T (M,ΣjM) = 0,
where the first isomorphism holds by Corollary 3.13 with X =M , the second by Lemma 3.15
and since −j + n − 2 ≥ −n + 2 + n − 2 = 0, and the last equality holds because M is a silting
object and j > 0. 
4. The Gap Theorem
In this section, we introduce the “Gap Theorem”. This was inspired by [5, (2.5) Gap
Theorem] which, however, relies on a different setup. In the theorem, the vanishing condition
for T (M,ΣjX) can be viewed as a gap in the cohomology of X .
Theorem 4.1. Let a be an integer and X ∈ T be such that T (M,ΣjX) = 0 for a ≤ j ≤ a+n−2.
Then, the truncation triangle
X≤a−1 // X // X≥a
δ // ΣX≤a−1 (6)
splits and X ≅X≤a−1 ⊕X≥a.
Proof. We first show that X≥a ∈ T ≥a+n−1. Since we already know that X≥a ∈ T ≥a, it is enough
to prove that T (Σ−jM,X≥a) = 0 for a ≤ j ≤ a + n − 2. Consider the exact sequence obtained
by applying T (Σ−jM,−) to (6):
T (Σ−jM,X) // T (Σ−jM,X≥a) // T (Σ−jM,ΣX≤a−1).
Note that, for a ≤ j ≤ a + n − 2, we have
T (Σ−jM,X) ≅ T (M,ΣjX) = 0
by assumption. Moreover,
T (Σ−jM,ΣX≤a−1) ≅ T (Σ−j−1M,X≤a−1) = 0,
since −a−n+1 ≤ −j−1 ≤ −a−1 andX≤a−1 ∈ T ≤a−1. Hence T (Σ−jM,X≥a) = 0 for a ≤ j ≤ a+n−2
whence X≥a ∈ T ≥a+n−1. Since X≥a ∈ T fd, we have that
δ ∈ T (X≥a,ΣX≤a−1) ≅DT (ΣX≤a−1,ΣnX≥a) = 0,
since ΣX≤a−1 ∈ ΣT ≤a−1 = T ≤a−2 and ΣnX≥a ∈ ΣnT ≥a+n−1 = T ≥a−1 = (T ≤a−2)⊥T . Hence (6) splits
and X ≅X≤a−1 ⊕X≥a. 
Remark 4.2. Since we are working in the case M = add(M), by [8, Section 5.1], we have
that condition (CY3) from Definition 2.6 is equivalent to its dual:
(CY3op) The subcategory M is a silting subcategory of T and admits a left adjacent t-
structure (T̃ ≤0, T̃ ≥0) ∶= (⊥T (Σ<0M), ⊥T (Σ>0M)) with T̃ ≤0 ⊆ T fd.
Moreover, note that for an integer m, the pair (T̃ ≤m, T̃ ≥m) ∶= (⊥T (Σ<−mM), ⊥T (Σ>−mM)) is
also a t-structure with T̃ ≤m ⊆ T fd.
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The following can be proven by a similar argument to the one proving Theorem 4.1.
Theorem 4.3. Let a be an integer and X ∈ T be such that T (X,ΣjM) = 0 for a ≤ j ≤ a+n−2.
Then, the truncation triangle
X̃≤−a // X // X̃≥−a+1 // ΣX̃≤−a
splits and X ≅ X̃≤−a ⊕ X̃≥−a+1.
We conclude this section with three lemmas setting us up for an application of Theorems 4.1
and 4.3, see Corollary 5.3. Recall that precovers (respectively preenvelopes) are the same as
right (respectively left) approximations. The following is a consequence of [15, Lemma 5.3],
but we provide a proof for the benefit of the reader.
Lemma 4.4. Let X be a k-linear, Hom-finite, Krull-Schmidt, triangulated category and
A, B ⊂ X be full subcategories.
(a) If A, B are precovering in X , then A ∗B is precovering in X .
(b) If A, B are preenveloping in X , then A ∗ B is preenveloping in X .
Proof. We only prove (a), then (b) follows by a similar argument. Assume A, B are precov-
ering in X and let X be an object in X . Note that since B is precovering in X , then so is
Σ−1B. Then, there are two triangles in X of the form
X1
x1 // A
a // X
x // ΣX1,
X2
x2 // Σ−1B
b // X1
x′ // ΣX2,
where a is an A-precover of X and b is a Σ−1B-precover of X1. By the octahedral axiom, we
have a commutative diagram of triangles in X of the form
X2 //
x2

0 //

ΣX2

ΣX2
Σx2

Σ−1B
x1○b //
b

A // C //
c

B
Σb

X1
x1 //
x′

A
a //

X
x //
y

ΣX1
Σx′

ΣX2 // 0 // Σ2X2 ΣX2.
(7)
We show that c ∶ C →X is an (A ∗ B)-precover. First, note that C ∈ A ∗ B since the second
row in (7) is a triangle with A ∈ A and B ∈ B. Let c′ ∶ C ′ → X be a morphism with C ′ ∈ A∗B.
Then C ′ appears in a triangle in X of the form
Σ−1B′ // A′
a // C ′
c // B′,
where A′ ∈ A and B′ ∈ B. Since a ∶ A → X is an A-precover, there exists a morphism of
the form a′ ∶ A′ → A such that a ○ a′ = c′ ○ a. Using this and Σx′ ○ x = y by (7), there are
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morphisms of triangles of the form
Σ−1B′ //
h
✤
✤
✤ A
′
a //
a′

C ′
c //
c′

B′
Σh
✤
✤
✤
X1
x1 //
x′

A
a //

✤
✤
✤ X
x // ΣX1
Σx′

ΣX2 // C
c // X
y
// Σ2X2.
(8)
Since b ∶ Σ−1B → X1 is a Σ−1B-precover and Σ−1B′ ∈ Σ−1B, there is a morphism b ∶ Σ−1B′ →
Σ−1B such that b ○ b = h. Hence
x′ ○ h = x′ ○ b ○ b = 0 ○ b = 0,
where x′ ○ b = 0 as two consecutive morphisms in a triangle compose to zero. By commuta-
tivity of (8), we then have
0 = Σ(x′ ○ h) ○ c = Σx′ ○Σh ○ c = y ○ c′.
Hence there is a morphism s ∶ C ′ → C such that c○s = c′. So c ∶ C → X is an (A∗B)-precover
of X and A ∗B is precovering in X . 
Lemma 4.5. Let p be an integer. Then the subcategory
Wp ∶= ΣpM ∗Σp+1M ∗⋯ ∗Σp+n−2M ⊆ T
is functorially finite and closed under extensions and so (Wp,W⊥Tp ) and (⊥TWp,Wp) are
torsion pairs.
Proof. Note that for any integer i, we have that ΣiM is both precovering and preenveloping
in T . Then, using Lemma 4.4 repeatedly, for any integer p we have that Wp is functorially
finite.
Now let i ≥ j be integers and X ∈ ΣiM ∗ΣjM. Then, there is a triangle in T of the form
ΣiM ′ →X → ΣjM ′′
δ
Ð→ Σi+1M ′,
with M ′, M ′′ ∈ M. Since T (M,Σ≥1M) = 0 and i ≥ j, we have that δ = 0 and so X ≅
ΣiM ′ ⊕ΣjM ′′. Hence if i ≥ j, then
ΣiM ∗ΣjM = ΣiM⊕ΣjM. (9)
Since n ≥ 3, we can use (9) repeatedly to see that
Wp ∗Wp = ΣpM ∗Σp+1M ∗⋯ ∗Σp+n−2M ∗ΣpM ∗Σp+1M ∗⋯ ∗Σp+n−2M =Wp
and so Wp is closed under extensions. Then, the fact that (Wp,W⊥Tp ) and (⊥TWp,Wp) are
torsion pairs follows from [9, Proposition 2.3(1)] and its dual. 
The following is a well-known fact which has been used in various arguments in previous
papers, such as for example in [8, proof of Theorem 5.8(c)].
Lemma 4.6. Let d ≥ 2 be an integer. A subcategory C = add(C) ⊆ T is d-cluster tilting if
and only if T (C,ΣiC) = 0 for 1 ≤ i ≤ d − 1 and
T ≅ C ∗ΣC ∗⋯ ∗Σd−1C.
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5. Applications of our Theorems
In this section, we use our theorems to reprove some important properties of the triangulated
category T /T fd and of its object M .
Remark 5.1. Corollaries 5.2, 5.3 and 5.4 correspond to the three parts of [7, Theorem 2.2],
which is a higher version of [1, Theorem 2.1]. Note that both Amiot and Guo work in the
more specific setup presented in Remark 2.7.
Theorem 3.11 has the following consequence, corresponding to [7, Theorem 2.2(1)].
Corollary 5.2. The category T /T fd is Hom-finite and (n − 1)-Calabi-Yau.
Proof. Let X and Y be objects in T . By Theorem 3.11, for p≫ 0 we have that
T /T fd(X,Y ) ≅ T (X≤−p, Y )
and T is Hom-finite by assumption, see (CY1). Hence T /T fd is Hom-finite.
Now let p and q be integers. Applying the functor DT (Y ≤−q,−) to a shift of the triangle
X≤−p // X // X≥−p+1 // ΣX≤−p,
we obtain the exact sequence
DT (Y ≤−q,ΣnX≤−p) // DT (Y ≤−q,Σn−1X≥−p+1) // DT (Y ≤−q,Σn−1X) // DT (Y ≤−q,Σn−1X≤−p).
(10)
Taking the direct limit of (10) with respect to p, we get the exact sequence
0 // lim
Ð→
p
DT (Y ≤−q,Σn−1X≥−p+1) ∼ // DT (Y ≤−q,Σn−1X) // 0, (11)
where
lim
Ð→
p
DT (Y ≤−q,ΣnX≤−p) = 0 and lim
Ð→
p
DT (Y ≤−q,Σn−1X≤−p) = 0
by Lemma 3.10 and because q is fixed. For q ≫ 0, we then have
lim
Ð→
p
DT (Y ≤−q,Σn−1X≥−p+1) ≅ DT (Y ≤−q,Σn−1X) ≅DT /T fd(Y,Σn−1X), (12)
where the first isomorphism is obtained by (11) and the second one follows by Theorem
3.11(a), as q ≫ 0. Then, for q ≫ 0, we have
T /T fd(X,Y ) ≅ lim
Ð→
p
T (Σ−1X≥−p+1, Y ≤−q) ≅ lim
Ð→
p
DT (Y ≤−q,Σn−1X≥−p+1) ≅DT /T fd(Y,Σn−1X).
In the above, the first isomorphism follows by combining Lemma 3.4 and Theorem 3.11(a),
the second one by applying (CY2) from Definition 2.6 to Σ−1X≥−p+1 ∈ T fd and Y ≤−q and the
third one follows by (12). Hence T /T fd is (n − 1)-Calabi-Yau. 
As a consequence of Theorems 4.1 and 4.3, we obtain the following, which corresponds to
[7, Theorem 2.2(2)].
Corollary 5.3. The object M is (n − 1)-cluster tilting in T /T fd.
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Proof. By Corollary 3.14, we have that T /T fd(M,ΣjM) = 0 for j = 1, . . . , n − 2. Hence, by
Lemma 4.6, in order to prove that M is (n−1)-cluster tilting in T /T fd, it is enough to prove
that
W0 =M ∗ΣM ∗⋯ ∗Σn−2M = T /T fd.
Let X be an object in T and p be an integer. By Lemma 4.5, we have that (Wp,W⊥Tp ) is a
torsion pair and so T =Wp ∗W⊥Tp . Hence there exists a triangle in T of the form
W
f
Ð→X
g
Ð→ V → ΣW,
where W ∈ Wp, V ∈ W
⊥T
p and without loss of generality we may assume that f is a right
minimal morphism. Then, by [11, Lemma 2.5], we have that g is a left minimal morphism.
Since V ∈W⊥Tp , we have that
T (M,ΣjV ) = 0
for −p − n + 2 ≤ j ≤ −p. Then, by Theorem 4.1 we have that
V ≅ V ≤−p−n+1 ⊕ V ≥−p−n+2.
By Lemma 3.10, for p ≫ 0 we have that T (X,V ≤−p−n+1) = 0 and as g is left minimal, it
follows that V ≤−p−n+1 = 0 and
V ≅T /T fd 0 and X ≅T /T fd W ∈Wp.
Hence X ∈Wp for some p≫ 0.
We now show that if a ≥ 0 is an integer, then Wa+1 ⊆T /T fd Wa. Let Y ∈ Wa+1. Since
(⊥TWa,Wa) is a torsion pair by Lemma 4.5, there is a triangle of the form
U
u
Ð→ Y
y
Ð→W ′ → ΣU,
where U ∈ ⊥TWa, W ′ ∈ Wa and without loss of generality we may assume that y is left
minimal, so that f is right minimal by [11, Lemma 2.5]. Note that since U ∈ ⊥TWa, we have
that
T (U,ΣjM) = 0
for a ≤ j ≤ a + n − 2. Then, by Theorem 4.3, we have that
U ≅ Ũ≤−a ⊕ Ũ≥−a+1.
Since Ũ≥−a+1 ∈ T̃ ≥−a+1 and Y ∈Wa+1, we have that
T (Ũ≥−a+1,Σ≥aM) = 0 and T (Ũ≥−a+1, Y ) = 0.
As u is right minimal, it follows that Ũ≥−a+1 = 0 and U ≅T /T fd 0. Hence
Y ≅T /T fd W
′ ∈Wa
and so Wa+1 ⊆T /T fd Wa as we wanted to show.
Since the above is true for arbitrary a ≥ 0, we have
⋯ ⊆T /T fd Wp ⊆T /T fd ⋯ ⊆T /T fd W2 ⊆T /T fd W1 ⊆T /T fd W0.
So we conclude that
W0 =M ∗ΣM ∗⋯ ∗Σn−2M = T /T fd
and M is (n − 1)-cluster tilting in T /T fd. 
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As a consequence to Corollary 3.13, we obtain the following, which corresponds to [7, The-
orem 2.2(3)].
Corollary 5.4. We have that T /T fd(M,M) ≅ T (M,M).
Proof. We have that
T /T fd(M,M) ≅ T (M≤n−2,M) ≅ T (M,M),
where the first isomorphism holds by Corollary 3.13 with X = M and j = 0 and the second
one, since n − 2 ≥ 0, holds by Lemma 3.15. 
Remark 5.5. At first glance, the statement of Corollary 5.4 is different from [7, Theorem
2.2(3)]. However, in Guo’s setup, see Remarks 2.7 and 5.1, we have that
HomperA(A,−) ≅ H0(−).
Hence [7, Theorem 2.2(3)] is equivalent to
HomperA/DbA(A,A) ≅ HomperA(A,A),
which is a special case of Corollary 5.4.
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